Abstract. This paper presents a reliability-based analysis of strip-footing settlement by Stochastic Finite-Element Method (SFEM). The Stochastic Response Surface Method (SRSM) and Random Finite-Element Method (RFEM) are used as two formulations of SFEM. The elastic properties of soil are considered as spatial random variables and modeled as cross correlated log-normal random elds. Random eld discretization is done by Karhunen-Loeve (K-L) expansion. Two programs were coded by MATLAB so as to take full advantages of its matrix operations, and in an illustrative example, it was shown that the results of SRSM are close to RFEM; however, the consumed time in RFEM is at most 50 times longer than that in SRSM. Using the faster method, SRSM, it is concluded that considering the spatial variability of soil parameters in stochastic analysis is necessary.
Introduction
The soil properties are inherently uncertain parameters. These properties are spatial variables and vary from one point in space to another. This leads to the necessity of representing the soil parameters as characterized random elds. In conventional approaches to foundation settlement determination, average values of soil parameters are considered and parameters' uncertainties are taken into account by applying a global Factor of Safety (FS) . Probabilistic analysis provides a tool to consider the uncertain parameters in analysis.
There have been some scienti c e orts directed at applying reliability analysis to the civil engineering tasks [1, 2] .
Many methods have been developed for prob-abilistic/stochastic analysis of foundations on soils. Some of these are Monte Carlo Simulation (MCS), First-Order Reliability Method (FORM), SecondOrder Reliability Method (SORM), Perturbation theory, SRSM, etc. [3] . For example, Shyamala and Dodagoudar [4] used Point Estimation Method (PEM) and First-Order Second Moment (FOSM) along with the non-linear nite-element analysis to evaluate the reliability index in reliability analysis of shallow foundation settlements. The mentioned methods are clubbed with nite-element method to stochastic analysis of foundation settlement giving rise to methods like SFEM and RFEM. Among above methods, the RFEM and SRSM are two powerful methods to propagate input parameters uncertainties in nite-element models. In RFEM, the random elds are combined with the nite-element method through MCS. The RFEM has been widely used in geotechnical problems [5] [6] [7] [8] [9] . For example, Fenton and Gri ths [6] presented reliability analysis of foundation settlement by modeling the soil as spatially random media. Prediction of settlement below the foundation was obtained using the nite-element method. Gri ths and Fenton [7] compared the reliability results of foundation settlement, obtained by stochastic nite-element method based on rst-order second-moment approximations, with the result of random nite-element method based on generation of random elds combined with Monte Carlo simulations. Pieczynska-Kozlowska et al. [10] studied the in uence of embedment, soil self-weight, and anisotropy of random eld on bearing capacity of foundation using RFEM.
In SRSM, the complex numerical model is replaced by an analytical one, which is less timeconsuming compared with original numerical model (deterministic model). The SRSM can be adopted in both linear and nonlinear problems, and all statistical moments of outputs can be computed using this method. The SRSM has been used in many problems [11] [12] [13] [14] [15] [16] [17] [18] [19] . Among important contributions are the research studies of Huang et al. [14] , Li et al. [17] , Li and Zhang [18] , and Jiang et al. [16] . Huang et al. [14] presented an extended stochastic response-surface method for problems in which physical properties exhibit spatial random variation by using collocation points as samples for constructing the output response surface. Li et al. [17] proposed a stochastic response surface method for reliability analysis involving correlated non-normal random variables. They formulated the closed-form expressions for fourth to sixth order Hermit polynomial chaos expansions involving any number of random variables. Li and Zhang [18] explored a method for uncertainty analysis of ow in random porous media by combining the KL expansion and the SRSM based on Probabilistic Collocation Method (PCM). Jiang et al. [16] proposed a non-intrusive stochastic nite-element method for slope reliability analysis considering spatial variability of shear strength parameters. They adopted the K-L expansion to discretize the 2-Dimentional (2-D) crosscorrelated non-Gaussian random elds of spatially variable shear strength parameters.
The objective of this paper is to analyze the reliability of strip foundation settlement by SRSM, which requires low computational time and low memory requirements; then, a comparison will be made between the obtained results with those of RFEM. In reliability analysis by SRSM, the model outputs are represented as functions of standard normal variables by polynomial chaos expansion. The unknown coe cients in the polynomial chaos expansion are determined using a probabilistic collocation method. For modeling the soil behavior, elastic-perfectly plastic Mohr-Coulomb yield criterion, which is common in geotechnical problems, is used. In elastic-perfectly plastic models, hardening or softening which shows a more real behavior of soil cannot be considered. Each spatially random variable is modeled as cross correlated log-normal 2-D random eld. The log-normal distribution is selected by the fact that the values of soil parameters are strictly positive. The well-known K-L expansion is used for random led discretization. Furthermore, an example is presented to compare the predictions of the SRSM and RFEM on the reliability analysis of settlement strip foundation.
Shallow foundation settlement
Foundation settlement will occur when a foundation is subjected to load. Excessive settlements may lead to serviceability problems and the desired use of the structure may be impaired. The foundation settlement depends on soil type and the water table level. It consists of three components: immediate settlement, consolidation settlement, and secondary compression. Classical formulations are available for computing these components of settlements. Numerical methods, such as nite-element and nite-di erence methods, can be used to calculate foundation settlement. These methods provide the advantage of idealizing the material behavior of soil, which is non-linear with plastic deformations and path dependent, in a more rational manner. In this study, the nite-element method is used to determine the foundation settlement.
Random eld modeling of soil properties
The soil properties are spatial variables and vary from one point in space to another. The spatial variability of soil properties can be due to variations in mineralogical composition, conditions during deposition, stress history, and physical and mechanical decomposition processes [20, 21] . This leads to the necessity of representing the soil parameters as characterized random elds. Spatial variability of soil properties can be modeled using theory of random elds [22] . In the theory of random elds, at any location within a soil layer, the soil parameter is an uncertain quantity or a random variable which is characterized by a probability distribution and is correlated with the random variables at adjacent locations [20] .
The values of a soil parameter are correlated at di erent points of a eld. The spatial correlation of soil parameter is considered by autocorrelation function. The autocorrelation function of a given soil parameter can be estimated from the measured data of the parameter at di erent locations [23] . In this study, for all uncertain parameters, a squared exponential 2-D autocorrelation function is assumed with di erent autocorrelation distances in the horizontal and vertical directions as follows: (1) where x and x 0 are spatial coordinates, and l x and l y are autocorrelation lengths in horizontal and vertical directions, respectively. Small values of the autocorrelation lengths imply a rapid uctuation about the soil parameter. However, high values imply a slowly varying soil parameter. In the case of 2-D problems, it is assumed that out-of-plane autocorrelation length is in nite. If spatial variability of out-of-plane uncertain parameter be considered, 3-dimensional niteelement analysis should be done to consider its effects.
Discretization of random elds
The numerical methods, such as nite-element formulation, have discrete nature; therefore, a continuousparameter random eld must also be discretized into random variables. This process is commonly known as a discretization of a random eld. There are several methods to discretize a random eld in the literature [24] . More e cient approaches for discretization of random elds are series expansion methods. The series expansion methods can be done by three methods [24] : the K-L expansion, Orthogonal Series Expansion (OSE), and the Expansion Optimal Linear Estimation (EOLE) methods. K-L expansion is able to use a few terms to capture the characteristic of the strongly correlated random elds [25] . In this study, the K-L expansion is used. This method is introduced brie y in the next subsection.
Karhunen-Lo eve expansion
The K-L expansion of a random eld is based on the spectral decomposition of its autocorrelation function (x; x 0 ). The set of deterministic functions, over which any realization of eld H(x; ) is expanded, is de ned by eigenvalue problem: (2) where x and x 0 denote the coordinates of two points in space; ' i (x) and i are eigenfunctions and eigenvalues of one-dimensional autocorrelation function (x; x 0 ), respectively. The eigenmodes of the separable multidimensional autocorrelation function are calculated through multiplying them by the eigenmodes obtained from Eq. (2). This integral can be solved analytically or numerically [26, 27] . In this study, the closed form presented by Zhang and Lu [28] is used. The series expansion of a random eld H(x; ) is expressed as follows: (3) where is mean and is standard deviation of the eld; i () is a vector of uncorrelated standard normal variables, and indicates the random nature of the H(x; ). Practically, the series is approximated by a nite number of terms:
The value of M strongly depends on the desired accuracy and on the autocorrelation function of the random eld [29] . Small values of the autocorrelation lengths will lead to a signi cant increase in the number of the K-L terms (M).
Cross correlated lognormal random elds
Typically, more than one random soil parameter, such as Young's modulus, Poisson's ratio, the cohesion, and the friction angle, is involved in geotechnical problems. Among these, some soil parameters show the degree of dependency on each other. In other words, these parameters are cross correlated. Cross correlation structure between each pair of simulated elds was simply de ned by a cross correlation coe cient [29, 30] . Cross correlated Gaussian random eld is expressed as follows:
where i;j is the correlated random vector whose kth column, k , is given by [16] :
where i (i = E or v) is the independent standard normal variables which correspond to the random variables used to discretize the random elds using the K-L expansion in Eq. (4), and R E;v is cross correlation coe cient among E and v. As the soil parameters are always positive, the Gaussian random eld is not applicable. In this study, the variables are considered as lognormal random elds. Cross correlated lognormal random elds can be obtained by exponentiation of the approximate cross correlated Gaussian random elds from Eq. (5) as follows [11, 16, 29] :
(for or i = E; v);
where ln i and ln i are the mean and standard deviation of the Gaussian random variable ln i, respectively: 4. Stochastic response surface method
The stochastic response surface method can be viewed as a conceptual extension of the traditional Response Surface Method (RSM) [15] . In this method, the complex numerical model (or original numerical model) is replaced by an analytical model called surrogate model or meta-model. The Probability Density Function (PDF) of system response can be computed easily by applying MCS on the meta-model, which is less timeconsuming in comparison to original numerical model. The major advantage of SRSM is that it allows the existing deterministic numerical codes, such as a niteelement analysis code, to be used as a black-box within the method. The steps of SRSM can be written as follows [11, [13] [14] [15] ]: 1. Representation of the stochastic input parameters in terms of independent Standard Random Variables (SRVs). In this study, this task is done using K-L expansion (Eq. (4)). 
For notational simplicity, Eq. (7) is rewritten as follows:
where there is a correspondence between N ( i 1 ; i 2 ; :::; i N ) and j (()) and also between their corresponding coe cients. P is the number of unknown coe cients calculated by:
Eq. (9) is the polynomial chaos expansion [31] . This equation is called surrogate model or meta-model. In this study, the closed-form expressions for fourth to sixth order Hermit polynomial chaos expansions involving any number of random variables, formulated by Li et al. [17] , are used. 3. Estimation of the unknown coe cients in polynomial chaos expansion. For this purpose, the collocation point method [15] is used. The model outputs are computed at a set of collocation points and used to estimate the unknown coe cients. Collocation points must be selected from all combinations of roots of the polynomial of one degree higher than the order of the polynomial chaos expansion [15, 32, 33] . For the second-order chaos polynomials, the roots of the third-order chaos polynomials are 0 and p 3. For N-dimensional and p-order chaos polynomials (p + 1) N , combinations of the roots exist which are always larger than the number of the collocation points needed. For example, for third-order and eight-dimensional chaos polynomials, the number of available collocation points is (3 + 1) 8 = 65536 while (8+3)! 8!3! = 165 points are needed.
Selection of the appropriate collocation points from the large number of potential candidates is a practical question. There are some criteria for the selection of collocation point in the literature [13, 15, 18, 32] . Selected points must capture regions of high probability. The points, which are closer to the origin of the multivariate normal space, are preferred. It is desirable to achieve a symmetric distribution of collocation points with respect to the origin because the Probability Density Function (PDF) is symmetric with respect to the origin.
When n sets of collocation points are se- 
Random nite-element method
The RFEM is one of the most accurate, yet time expensive, methods to analyze reliability of niteelement models. In this method, a random eld of soil properties is generated and then mapped onto a niteelement mesh [7] . The steps of this method using K-L expansion are as follows:
1. Representing the statistical properties of stochastic input variables, such as mean, standard deviation, autocorrelation function, and distribution type; 2. Generating random eld using K-L expansion; 3. Performing nite-element analysis using generated random eld to compute system response; 4. Repeating steps 2 and 3 many times using MCS to obtain the histogram of system response; 5. Computing the statistical properties of system response such as mean, standard deviation, and probability of failure (P f ).
The owchart of this method is shown in Figure 2 .
Computer program
In this study, for reliability analysis of foundation settlement, two nite-element programs were coded by MATLAB based on SRSM, RFEM. These programs are capable of considering the uncertainties of soil Figure 2 . Flowchart of RFEM.
parameters. The major capabilities of these programs are as follows:
1. Considering elastic-perfectly plastic behavior of the soil material with Mohr-Coulomb yield criterion; 2. Selecting appropriate collocation points automatically (SRSM program); 3. Generating random eld by K-L expansion considering cross correlation between stochastic parameters; 4. Computing chaos polynomials for any number of random variables based on closed-form expressions (SRSM program).
Veri cation of the developed programs
To verify the accuracy of the developed programs, a deterministic analysis was done using mean values of soil parameters, given in Table 1 . The obtained result, including the foundation pressure-settlement curve, is compared with the prediction result of nite-element software, PLAXIS. For this purpose, soil mass with 13 m width and the depth of 7 m is discretized into 52 four-node rectangular elements in the horizontal direction by 5 elements in vertical direction, as shown in Figure 3 . The nodes on the bottom boundary are xed and both lateral boundaries are assumed roller. A strip footing with a width of B = 3:0 m is located on a c soil layer. A uniform footing pressure equal to 150 kPa is applied onto the top of soil layer.
The ultimate settlements at the center of footing 
Illustrative example
To compare the proposed methods in reliability analysis of foundation settlement with others, an illustrative example with arbitrary data is presented. In this example, the elastic-perfectly plastic Mohr-Coulomb yield criterion is adopted to represent the stress-strain behavior of the soil. The mean of soil parameters is selected as in Table 1 , and the geometry of problem is considered as in Figure 3 . The values of soil parameters are selected arbitrarily. Only soil elastic properties E and v are considered as uncertain parameters [6, 7, 27, 34] and modeled as cross correlated lognormal random elds. There is no su cient information about coe cient of variation of Poisson's ratio. Some authors have suggested that the variability of this parameter can be neglected, while others proposed a very limited range of variability [11] . In this research, Coe cient Of Variation (COV) of v is selected equal to 0.05 as Youssef Abdel Massih [35] and COV of E is selected equal to 0.3. A value of {0.5 is used for R E;v [35] .
The K-L expansion is employed to discretize random eld. The type of autocorrelation functions of uncertain parameters can be di erent from each other, but in this example, it is assumed that both stochastic parameters have the same autocorrelation function as in Eq. (1). It should be emphasized here that the autocorrelation function and autocorrelation length are generally site-speci c and often challenging due to insu cient site data and high cost of site investigations [11] . Random eld is calculated at the centroid of each element. The rst 14 eigenvalues of 2D autocorrelation function, where values of l x = 20 m and l y = 1 m are considered for horizontal and vertical autocorrelation lengths, respectively, are shown in Figure 5 . In this example, in all cases, 6 terms of K-L expansion are considered rst.
Analyzed by SRSM, polynomials chaos of order 2 is adopted. As nonlinearity of problem is increased, the greater order of polynomials chaos must be selected. Eigenvalues and eigenfunctions of autocorrelation function are computed, and the rst 6 terms of K-L expansion (the rst 6 Eigenvalues and eigenfunctions of autocorrelation function) of each spatial random variable (E and v) are considered. Number of unknown coe cient, which must be evaluated, is 91; therefore, 91 collocation points are needed. 106 collocation points are selected, greater than the number of the needed collocation points for the robust estimation of unknown coe cients. After computing the unknown coe cients, MCS with 100,000 sampling is applied to meta-model (Eq. (9)). The histogram and tted PDF of center of foundation settlement (Sc) determined using SRSM are shown in Figure 6 .
In stochastic analysis, using RFEM, eigenvalues and eigenfunctions of autocorrelation function are computed rst, and like SRSM, the rst 6 terms of K-L expansion are considered. The random eld has been generated 10,000 times, and the results are used in original nite-element model to determine the Sc. The histogram and tted PDF of the Sc determined using RFEM are shown in Figure 7 . For comparing the determined PDF and Cumulative Distribution Function (CDF) by two methods, they are plotted in one gure. Figures 8 and 9 show the determined PDF and CDF of two methods, respectively. These gures show that the results of two methods are close to each other; however, the computational time of the SRSM is considerably less than RFEM.
By assuming the threshold value of footing center settlement equal to 0.025 m and the required time of two methods, the probability of system failure (P f ) is given in Table 2 . It can be seen that the results of SRSM are close to those of RFEM; however, the consumed time in RFEM is at most 50 times longer than that of SRSM.
In this study, the e ect of autocorrelation length on PDF of system is investigated. For this purpose, the SRSM with less computational time is used. The PDFs of system response for di erent values of autocorrelation length and homogenous soil layer (l x = 1; l y = 1) are shown in Figure 10 .
This gure shows that as the autocorrelation lengths increase, the system response dispersion increases too and the case of homogenous soil has maximum dispersion. In this analysis, COVs of v and E are selected equal to 0.05 and 0.30, respectively. The COV and P f of Sc for di erent values of autocorrelation lengths are presented in Table 3 . From this table, it can be seen that in this example, both P f and COV increase with an increase in autocorrelation lengths, and P f and COV show the largest values for homogenous soil. Figures 11 and 12 summarize the variations of the probability of failure with the coe cient of variation of E for both cases of ignoring and considering spatial variation of stochastic parameters. These gures show the results of two values of threshold footing center settlement: 0.025 m ( Figure 11 ) and 0.020 m (Figure 12 ). This gure shows that the probability of failure increases with increasing COV of E. Figure 11 shows that for COVs of E smaller than 0.7, the predicted P f of homogenous soil is greater than when spatial variability is considered, whereas Figure 12 does not show these results. Based on these gures, it can be concluded that to have a correct result in stochastic analysis, it is necessary to consider the spatial variability of soil properties.
Conclusions
In this study, the reliability analysis of foundation settlement by SRSM and RFEM was presented. For this purpose, two nite-element programs were coded by MATLAB based on two methods. The elastic soil properties were considered as spatial random variables and modeled as cross correlated log normal random eld. The results of two methods were compared with each other, and it is observed that the results of two methods are close to each other. In the presented example, to reach the same result, in RFEM, the deterministic numerical model must be run 104 times, while SRSM model must be run 106 times. It is concluded that the SRSM is more time e cient compared with RFEM, because in SRSM, MCS is applied onto meta-model, whereas in RFEM, the MCS is applied onto the original numerical model, which is more time-consuming compared with meta-model. The e ect of autocorrelation length was investigated by SRSM. It was shown that in stochastic analysis, to have a correct result, it is necessary to consider the spatial variability of soil properties.
The approximate real soil behavior, which includes hardening or softening, has not been considered in this research. The authors suggest the following future studies for further improvements on and extension to the topic:
Three-dimension analysis of foundation settlement by SRSM.
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